This paper deals with nonlinear liquid surface and interfacial wave motions in a tank containing two incompressible irrotational fluids of different densities. In order to investigate time history responses and nonlinear characteristics, we apply canonical equations (Hamiltonian equations) to this problem. The time histories and the transitions of surface and interfacial wave motions are given by solving the canonical equations of this system. This study is intended to clarify the nonlinear coupling characteristics for this system. We have focused on the N-Wave Resonant Interaction (NWRI) and investigated occurrence conditions of the NWRI. In particular, the time history responses on the resonant state caused by the Three-Wave Resonant Interaction (3WRI) are discussed for the rectangular and the circular cylindrical tanks. On the other hand, the validly of the theoretical analysis is verified through the experiments. These results are in good agreement with each other.
Introduction
Surface and interface sloshing occur in a tank containing two immiscible fluids of different densities. Scientific interest in this problem includes the need to quantify overflow and allowance loads on separators or agitators in chemical plants, and so on. Recently, there is increasing interest in water contamination problem. Therefore, water clarification systems are installed in the plants. Oil-water separators are devices which prevent discharge of oil into rivers. The clarification process of this system is carried out in a tank which contains two immiscible fluids with different densities. Since water and oil are stored in the form of layers in this system, there is a need to study resonance characteristics of surface and interface sloshing in this system under seismic excitation.
Up to this time, some researches have been reported for the surface and interface sloshing or similar problems. Handa and Tajima (1) studied dispersion relations and amplitudefrequency responses of a two-dimensional model. Tang (2) studied time histories of surface wave elevation and pressure of circular cylindrical tank. Many studies applying analytical procedures for these problems are focused on a linearized system. On the other hand, Craig et al. (3) studied a Hamiltonian formulation of the internal wave problem on ocean engineering.
They conducted a derivation of the approximating equations which can be applicable to the shallow water problem and an investigation for the effect of the nonlinearity on dispersion relations.
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Vol. 2, No.6, 2008 In the previous studies, we proposed the Hamiltonian formulation for this problem based on a variational principle (4) . Moreover, the experimental and the theoretical analyses are conducted to obtain the effect of surface tension on the natural frequencies (4) and the nonlinear time history responses (5) for this system. However, we couldn't discuss the nonlinear characteristics of surface and interfacial motions in detail. For the water wave problem, it is reported that the nonlinearity of system causes interactions between the waves with different wave numbers (6) (7) . In this study, we focus on the N-Wave Resonant Interaction (NWRI) as a specific example of nonlinear coupling phenomena. The surface and interface motions are calculated by the canonical equations (Hamiltonian equations) of this system which considered the effect of nonlinearity (5) . The occurrence and resonant conditions of the NWRI are determined by the nonlinear terms in the canonical equations of this system. The relation between the coupling characteristics and cross-sectional shapes of tank are discussed. Moreover, the validly of the analytical results are verified through the experiments.
Nomenclature
o− xyz : Cartesian coordinates
Differential operator with respect to α, ∂/∂α Figure 1 shows the analytical model of this problem. We consider two immiscible fluids with constant densities ρ (1) and ρ (2) , respectively. The surface tension has negligible effects on this system [See Ref. (4)]. The moving coordinate system o− xyz is fixed on the tank which has a uniform cross section S . The origin of o− xyz is located on the undisturbed interface. The tank is subjected to the horizontal and vertical excitations. The effects of the external excitation and gravity force can be expressed as a potential function
Formulation of the Problem

Analytical Model and Non-dimensional Parameters
T is the external excitation vector. The surfacez =η (1) (x ⊥ , t) (the interface) separates the two fluids and the surfacez =η (2) (x ⊥ , t) (the free surface) separates the upper fluid from the air, supposed to be a constant atmosphereic pressureP 0 = 0. This system is in a stable configuration in that ρ (1) > ρ (2) . Moreover, the density ratio of two fluids is defined as follows:
Journal of System Design and Dynamics Vol.2, No.6, 2008 In such configuration, the fluid is assumed to be incompressible, inviscid, and irrotational. Therefore, we can define velocity potentials in the lower and upper fluid domains. The velocity potentials are expressed as
(x, t) in the upper fluid domain V (2) .
Introducing the following (spatial) dimensionless quantities:
where˜ is the characteristic length. The governing equations of this system are expressed by using these dimensionless quantities. 
Equations of Motion
In this study, the fluid motions are determined by potential flow theory. The velocity potentials in the upper and the lower fluid domains Φ (i) satisfy the Laplace equations
where
The fluid velocity components normal to the fixed boundaries are equal to zero. Hence, the velocity components on the wall satisfy
where n w is a unit exterior normal vector to the wall. In this study, the nonlinear characteristics (NWRI) of this system are clarified by using the canonical equations based on a variational principle. We define the boundary values of velocity potentials
The variables φ (i) (i = 1, 2, 3) represent boundary values of velocity potentials on surface and interface. Then, the (canonical) momenta on surface and interface (4) are defined as
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The result of §3 of Ref. (5) is that the governing equations for the nonlinear problem of this system are expressed by the canonical equations (Hamiltonian equations)
where H is the Hamiltonian functional of this system. The specific expression of the Hamiltonian H is explained in a following section. The nonlinear characteristics of this system are characterized by Eqs. (5), (6) and (9).
Hamiltonian of This System
In the previous studies, we proposed the Hamiltonian formulation and a Hamiltonian functional for the layered fluid system (4)(5) . The Hamiltonian functional H of this system is defined as the sum of kinetic energy and potential energy (5) , namely,
where T and U represent kinetic energy and potential energy, respectively. In the Hamiltonian formulation, the variables η (i) and ξ (i) are called canonical variables. E (i j) represent the nonlinear differential operators. The operators E (i j) are given by
where G (l) and G (i j) represent the Dirichlet-Neumann operators for two fluid domains (5) .
Generalized Fourier Series Expansions of Hamiltonian Equations
In order to express the canonical equations [Eq. (9)] in the modal coordinate, we introduce the generalized Fourier series expansion. The generalized Foureier series is an expansion of a function in terms of an infinite sum of arbitrary orthonormal functions. Applying the generalized Fourier series expansions to the canonical equations [Eq. (9)] lead to ordinary differential equations with respect to time.
The velocity potentials Φ (i) (i = 1, 2) which satisfy Eqs. (5) and (6) are expressed as
where c n are constants and Λ is a set composed of mode numbers. Moreover, the constants k n are the wave number and ψ n are the orthonormal functions, which satisfy
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From Eqs. (8), (15) and (16), the generalized Fourier series of canonical variables can be written as
By using the definition of functional derivative (4) and the generalized Fourier series (19), the canonical equations (9) can be rewritten as
where −2γω n ξ
n in the right-hand side of the second equation is an equivalent damping term for introducing the effect of energy dissipations of this system into the analysis.
Lower-Order Components of Hamiltonian
The Hamiltonian functional H is expressed as a Taylor series in the canonical variables (η (i) , ξ (i) ). The approximating equations are obtained by retaining a finite number of terms in the Taylor expansion in canonical variables of the Hamiltonian (5) .
The Taylor expansion of Hamiltonian H in powers of canonical variables is given by
where n is the sum of powers of canonical variables (η (i) , ξ (i) ) and H f is the effect of external force in Hamiltonian H. Retaining terms up to the third order in the Taylor expansion of Hamiltonian (5) , one has
where Γ (·) are time-independent constants (5) . Substituting Eq. 
Nonlinear Coupling Characteristics
N-Wave Resonant Interaction (NWRI)
In the previous study, we reported that this system has two coupled resonance modes which have the same wave number (4) . The larger one is the dominant frequency of the surface
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Vol. 2, No.6, 2008 sloshing motion ("surface mode"), whereas the lower one is the dominant frequency of the interfacial motion ("interfacial mode"). Coupling resonances between these modes are caused by nonlinearities of this system. In particular, the coupling resonances caused by the N − 1 th-order nonlinearities are called "N-Wave Resonant Interaction" (NWRI) (6) . This resonance may occur when the natural frequencies satisfy the following condition
where ω − n and ω + n are natural angular frequencies of the interfacial and the surface modes, respectively. Since the nonlinear terms are considered up to the second-order parts, we can analyze only a "Three-Wave Resonant Interaction" (3WRI) in this study. The resonance condition of 3WRI is expressed as
Calculation Example
In this paper, we investigate the nonlinear coupling characteristics of fluid motions in tanks which have square and circular section (rectangular and circular cylindrical tanks). Figure 2 (a) shows the cross-section shape of the rectangular tank. It has a square cross section, 2L on a side. The origin of the moving coordinate system o − xyz is located at the center of the undisturbed free interface. The rectangular tank is subjected to the horizontal excitation at a ϕ-degree from x-axis toward yaxis. By replacing subscripts n of the wave number k n and the modal function ψ n with the subscripts (n 1 , n 2 ), the wave number and the orthonormal function for the rectangular tank which satisfy Eqs. (5) and (6) are given by
Modal Functions of Rectangular Tank
where n 1 and n 2 are the order of the functions X n 1 (x) and Y n 2 (y), respectively.
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Vol.2, No.6, 2008 Figure 2 (b) represents the crosssection shape of the circular cylindrical tank. It has a circular cross section with a diameter 2L. The moving coordinate system o − rθz is located at the center of the undisturbed free interface. The circular cylindrical tank is subjected to the horizontal excitation. In this case, the wave number and the orthonormal function for the circular cylindrical tank which satisfy Eqs. (5) and (6) are expressed as n 2 ) ) ,
Modal Functions of Circular Cylindrical Tank
where k (n 1 ,n 2 ) is the n 2 -th constant k which satisfies
where J n 1 is the Bessel function of the first kind.
Three-Wave Resonant Interaction
In this study, we consider the case which the lowest order surface or interfacial mode resonance are caused by the horizontal excitation. The occurrence of the 3WRI are determined by values of the time-independent coefficients Γ Table 1 . In this table, the superscript of the Mode 1 must be the same as that of the Mode 2. On the other hand, it is possible to determine arbitrarily the superscript of the Mode 3. For the circular cylindrical tank, n are positive integer (n = 1, 2, · · · ) in Table 1 . The Mode 1 and 2 represent vibration modes excited by the external excitation, whereas the resonance of Mode 3 is caused by the 3WRI. 
In this study, we discuss the nonlinear coupling characteristics for the combinations of the vibration modes written in Table 2 . Considering Eq.(26) and Table 2 , we can obtain the resonance conditions which expressed as
where subscripts M n represent the mode n (n = 1, 2, 3) in Table 2 . Since the natural frequencies of this system are functions of density ratio ρ and liquid depth h (i) (i = 1, 2), Ω varies as a function of ρ and h (i) . Thus, the resonance caused by 3WRI is governed by the density ratio ρ, the total height of the two fluids h (1) + h (2) and the ratio of the upper fluid depth to the total height of two fluids β which is
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Vol. 2, No.6, 2008 In analyses and experiments, test fluids are water and fluorinert TM FC-3283 (Sumitomo 3M
Ltd.). The specifications of these fluids are shown in Table 3 . The density ratio ρ, using the data in Table 3 , is 0.545. For the same density ratio ρ = 0.545, we calculate Ω as a function of h (1) + h (2) and β. The resonance condition caused by 3WRI is given by the combinations of (2) and β which satisfy Eq.(31). Table 3 The properties of fluid (25 Figures 3 and 4 show the contour maps of Ω as a function of h (1) + h (2) and β using the modes taken from Table 2 (A) and (B),
Resonance Conditions for Rectangular Tank
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Vol. 2, No.6, 2008 respectively. In these figures, a horizontal axis represents the ratio of two fluids depth β and a vertical axis indicates the total fluid height h (1) + h (2) . In Fig.3 , function Ω varies from 0.63 to 0.70. As seen in Fig.4 , Ω is distributed between 1.16 and 3.00. In these figures, there are no parameters which satisfy Eq.(31). Thus, the resonance caused by 3WRI does not occur in the case of Table 2 (A) and (B).
Resonance Conditions for Circular Cylindrical Tank
Contour maps of Ω in the cases of Table 2 (c) and (d) are shown in Fig.5 and 6 , respectively. In Fig.5 , the values of Ω varies from 1.90 to 6.00. Therefore, the resonance condition Eq.(31) is not satisfied in this case. As seen in Fig.6 , the curves of Ω close to 1.0 for h (1) + h (2) ∼ 1.0. In this case, there is a possibility that (0, 2) + mode is excited by the nonlinear coupling of (1, 1) + mode caused by 3WRI. These results show that the resonance caused by 3WRI only happen in the case of Table 2 (D). The mode shapes in Table 2 (D) are shown in Fig.7 . The mode shapes for Mode 1 and 2 in Table 2 (D) correspond to Fig.7 (a) . The mode shape of Fig.7 (b) represents the Mode 3 in Table 2 (D).
Experiment
Parameters of Analyses and Experiments
The parameters of the analyses and the experiments in the case of the rectangular tank are shown in Table 4 . For the rectangular tank, there are no parameters which correspond to the resonance condition Ω ∼ 1. Therefore, we use the parameters at Ω = 1.16. This is a value which is the closest to the resonance condition Ω ∼ 1. Table 5 represents the parameters in the case of circular cylindrical tank. These parameters satisfy the resonance condition Ω = 1.0 on Table 2 (D). The excitation angular frequencies are nearly the 1st surface and interfacial resonance modes. The damping ratios are identified by the experimental surface waveform of damped free vibration. Figure 8 shows a schematic diagram of the experimental setup. The tank is mounted on a shake table. The personal computer controls the input signal (sine wave) to a hydraulic servo vibrator. The shake table is excited by the hydraulic servo vibrator. The surface wave elevation is measured by an ultrasonic sensor. Moreover, the displacement of shake Table is measured by a laser sensor. Transitions of the surface and interfacial wave elevations are taken by a digital video camera. Figure 9 shows the analytical and the experimental results for the transitions of surface and interfacial wave motions in the rectangular tank on Table 4 . The truncation order of wave number in x-direction n 1 is 5 (n 1 = 0, · · · , 5), and that in y-direction is 5 (n 2 = 0, · · · , 5). The excitation angular frequency ω is set to be close to a natural frequency of the lowest interfacial mode ω 0) ). In Fig. 9 , the values of x-, y-and z-axis are normalized by a half length of tankL. This result indicates that the analytical and the experimental results are in
Experimental Setup
Results
Experimental and Analytical Results for Rectangular Tank
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Vol. 2, No.6, 2008 good agreement with each other. From this figure, it is confirmed that the interfacial resonance of (1, 0) − and (0, 1) − modes is dominant motion in this case. This is because the excitation angular frequency is approximately equal to the (1, 0) − and (0, 1) − modes. On the other hand,
(1, 1) + mode resonance does not occur in the analytical and the experimental results. Figure 10 shows the experimental and the analytical results for the time history responses of surface elevations in the circular cylindrical tank. These results are measured atr = 108 [mm] and θ = 0 [deg]. The truncation order of wave number in r−direction n 1 is 5 (n 1 = 1, · · · , 5), and that in θ−direction is 3 (n 2 = 0, · · · , 3). The excitation frequency ω is equal to the natural frequency of the lowest surface mode (1, 1) + . In this figure, the vertical axis is the surface elevation normalized by the radius of tankL, and the horizontal axis is time. From  Fig. 10 , the experimental result agrees with the analytical result. It is seen that the positive displacement is slightly larger than the negative displacement. Figure 11 represents the experimental and the analytical results for the steady state response of the surface and interface. It is confirmed that the (0, 2)
Analytical and Experimental Results for Circular Cylindrical Tank
+ mode resonate at the surface because of the 3WRI. 
Conclusions
In this paper, we discuss the N-Wave Resonant Interaction caused by the nonlinearity for sloshing in the layered two immiscible fluids. The resonance conditions in the case of the rectangular and the circular cylindrical tanks are examined. Moreover, the analytical results are validated by the experimental results. The results are as follows.
